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In  [l]  Robert  Hermann  introduced  the  concept  of  tangent 
vector  fields  on  the  space  of  maps  of  ore  manifold  Into 
another.  A  speolal  type  of  these  are  the  "k-vector  fields" 
which  were  studied  in  [3]  $  where  this  author  defined  their 
bracket  a<.d  exponential.  This  paper  explores  further  t*e 
analogy  with  classical  continuous  groups.  Specifically,  we 
study  invariance  of  systems  of  partial  differential  equetlona 
under  k-vector  fields. 


1.  Introduction 

Every  map  and  manifold  is  C*  unless  otherwise  noted. 

Jk  m  Jk(i,H)  is  the  manifold  of  k-Jete  jk(f)  of  order  k 

of  maps  fiN-*"*!  from  the  manifold  N  to  the  manifold  W  . 

k-i 

o c  and  a  are  the  source  and  target  projections,  f ^  : 

Jk4>*  -►  J*  the  usual  projection.  T(M)  denotes  ohe  tangent 
bundle  to  K  ,  the  tangent  space  at  y<  H  ,  rr  the 

tangent  bundle  projection.  C°°  (Q)  la  the  algebra  (over 
tne  reals  R  )  of  C°°  real-valued  functions  on  tne 
manifold  Q  • 

A  k- vector  field  is  a  map  9iC”  (M)  C~  (Jk)  which 
is  linear  over  R  and  satisfies 

•(FO)  -  (Fcp)«(G)  ♦  (G<p)0(F)  . 

In  [3j  the  i^Ji  prolongation  P^diC0"  (Jl)  C- (J1*1*) 
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was  defined.  This  satisfies  P^9(FG)  ■  (Po^k4,i)P*0(G)  e 

(Go^^l)Pl®(F)  ;  ar.d  when  H(  C*'  (M),  Pl9(Ho/>)  •  9(H)opJ41. 

Using  these  faots  one  sees  that  if  0  and  /  ere  k-  and 
i-  vector  fields,  respectively,  then  [9,  »  P*0o  ^  - 

Pk  </>  00  is  e  k+i-  vector  field. 

In  local  coordinates  (x*)  on  V  ,  (y*)  on  M, 

(x  ,y\p^,  ...,  pj'  )  on  J  |  where  i,  •••»  &k  * 

1,  i nj  A  »  1,  . ..,  n  ,  we  follow  Kuranishi  in  defining 
for  each  PtC^U11)  ,  d*F€  C10  (Jk41)  by 


«F  *  ^  “ 

3  *x3  dy*  3  ap 


^P1  i 

J1  Jk 


Then  if  9  •  ax(<H/byx)  is  a  k-vector  field, 


+  +  ...  *  J  .<•_! -  , 

1  JP,  31  Jt  Jpj  , 

J  *l***^i 

\_  let  3,  Leona  l.J  4e  shall  also  need  the  following  Leona 
wnose  proof  we  omit. 


Leona  1.  klL.  9  bt  a  faiasiat  lialA.  i\,  ?2  €  C^tJ1), 

G€C°°(M)  and  FfcC°°(J*”3)f  Where  0<$Ci  •  Then 
(A)  P^Fo^)  -  (Pl_J9(P))o^J+k  , 

U)  P*9(Gfl\d)  -  9(G)o/»^k  , 

(C)  Pi9(P1P2)  -  (V^)pit(P*)  ♦  (F2°^k),l#(Fl)  • 

(D)  Fi9(&Ji...d^GopJ;L«  dj  ...dj  •(C)o/£J  ,  r<  k  , 

(«  »1.(»Ji„.iJrPo/l.,w)  .  (aJi...a^»‘-J.(rt).  J**, . 


r<i  . 

Conversely,  if  fiC^U1)  C^U1**)  satisfies  (A),..., 
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(£)  jama,  p1®  u  realised  la  0  ,  Ulib  0  •  p1®  . 

Another  important  property  for  urn  is  that  if  Ff  C*°(J*)  , 
tih  -»R  ,  tnen  .(*  /A*1)C(3l(f))  ■  (d{G)(3U1(f))  . 

(2,  Prop.  1.10] 

Let  I  •  (-  *  ,  *  )  .  An  integral  curve  of  ®  starting 
at  fQji  -a-  M  ia  a  1-parameter  family  fiN1*!  M  with 
fQ(x)  ■  f(xtO)  and 

•u£(f)>  *  ££<*»*>  • 

Here  (df/dt)(x,t)«:  ^  is  defined  to  act  on  any  real¬ 

valued  function  F  defined  in  a  neighborhood  of  f(x,t) 
by  dF(f(x,t))/dt  . 

2.  Differential  Systems 

A  system  H  of  partial  differential  equations 
(s.p.d.e.)  of  order  h  with  I  as  independent  and  H 
as  dependent  variacles  is  a  finitely  generated  ideal  in 
C~(Jh)  •  A  solution  of  £  is  a  map  f*N  -*»  K  such 
that  F(jx(f))  ■  0  for  all  x*Hf  F  €  Z  .  Pk£ 
denotes  the  s.p.d.e.  of  order  h*k  generated  by  the 
function,  f'ft*  ,  . > 

l‘«Jt  Jttn,  P«I. 

Definition.  A  k-veotor  field  •  leaves  £  Invariant 
if  for  each  Ft£,  F^lFjC  Pk£  , 

Compare  with  [2]  for  the  older  theory.  The 
intuitive  meaning  of  lnvarlanoe  under  a  transformation 
group0  was  that  the  transformations  permute  the  solutions, 
se  shall  ahov  that  if  f  is  a  solution  of  TZ  whioh 
belongs  to  an  Integral  ourve  of  •  ,  then  £  evaluated 
at  this  integral  ourve  hae  ssro  derivatives  at  ffl  of  all 
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order*. 


Lena*  2.  tf  «  1*.  an  invariant  veotor  field  of  2.  , 
inin.  •  1*  an  invariant  vector  field  for  P*£  ,  all  i  . 

Tnis  follows  from  (0)  and  (E)  In  Leama  1.  Jsing 
iooal  coordinates,  a  calculation  proves 

Leuusa  3.  U  FAC^U1)  ,  fj**I  -►  M  ,  and 
(df/at)  s  9(J*(f))  ,  then 


Laaaa  4.  If  f:M  -> 
.ft  solution  af  t*J2,  > 


n  ,u  a  AalaUan  o.f  JT 

all  i  . 


u 


Theorem  l.  Suppose  that 

(A)  9  1$  an -Invariant  R-vector  field  of  T  , 

IB)  f:N*i  -wm  mitUu  (af/at)  ,  ud 

(C)  f(  ,0)  jN  -*•  H  1ft  ft,  ftQlttUflft  flf  7". 

Then 

^-rF'j*(f))|  •  0 

5tn  x  *t-0 

for  ftU  *€»  ,  Ft  21,  ftM  n  •  1,2,.... 

Proof*  From  Leaaa  3, 


Mf» .  ^(»Uh(f)  • 

However,  pVFjfcP*!*”,  and  f  la  a  solution  of  P*5~ 
by  Leaaa  4.  iience  pVfHjJ^U) *  0  ,  all  xtl. 
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Let  P1-pVr)€PkH  .  By  Lease  Jf 

*h“‘*(y)|J»+h(f)  •  $*»*<£"««>  *  • 

Using  Lemma  4  as  bsfors,  (d2/dt2)P(  J*(f) )  «  0  • 

Continuing  in  this  way,  the  result  follows.  Q.E.D. 

When  the  manifolds  and  functions  are  real  aralytic, 
Theorem  1  implies  that  integral  curves  of  an  invariant 
vector  field  vhioh  pass  through  one  solution  yield  solutions 
for  all  paraaeter  values. 

3.  Lie  Algebra  Structure 

Proposition,  Lftl  ®  A&d  ha  k-and  h-vector 
ttiiiia  riaptcUiili. _ Zbas 

p4lt,  •/)  -  p1****1  ^  -  fiMk  op1®  , 

Proof,  By  induction  on  1  •  A  local  coordinate 
oalculation  shows  the  result  for  i  »  1  •  Call  0s 
C°*(J4)  C*° the  operator  on  -he  right-hand 

side.  We  shall  use  Leaaa  1,  Let  FgtC^U*),  Qt 
G°°(H)  ,  and  ftC^U1*3)  . 

pUh^of1  (Fe^.j)  •  Pt4ht(P4"1  f  Wo/^jJ.j) 

«  <PUh"3i(P1*3  (F))op£[£j_j 
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applying  Lamina  1(A)  to  4*  and  •  •  Interchanging  9  and 
4/  ,  we  find 

Now,  oy  induction,  P^-^F)  •  P1_^|j0,  4  3  •  "ence  (A) 
holds  for  0  •  The  same  technique  works  for  (B),...,(E), 

Qe  Ee  De 

Theorem  2.  It  Q  anjl  \J/  are  k-  and  h-vector  flijJSj 
respectively,  whicu  leave  E  l£YftrlanW ..Ii.jBT  [ «  ,  /J 
leaves  T~  invariant. 

Proof.  If  i‘€  Y  and  E  is  order  1  »  then 

Fi[9,  4J(F)  -  P^eoP1  sMf)  -  PUk  /'  oP^F)  .  owever, 

P1  4*  (F)€  P^JI  •  *y  leauna  2  9  la  an  Invariant  Teeter 
field  of  F^Y  •  •«  P^froP1  tf(F)t  Ph*kjr  •  Sinilarly 

Pi#V  oP4«(F)  *pk*k]T  .  Q.E.D. 


We  conclude  that  the  set  of  r.ll  k-vector  fields, 
k  a  1,  2,  ...,  leaving  E  invariant  forme  e  Lie  algebra 
under  t  e  bracket. 


4.  An  Example 


Let  II  *  E®  ,  H  ■  E1  ,  Consider  a  s.p.d.e.  of  the 


type 


111 

Sx" 


Six1  x®"1  y"  Jttr  ) 

f  (  .  ,3r,a?,”,,  ax"'1 


\,jx  *  On  J1  let  F*«  pj  -  0*(x1,yM,pJ)  , 


7 


and  lat  £  be  generated  by  F  ,  F*  •  Than  by  a 

calculation  ona  may  check  that  A  »  0  (.)  /ay*)  turns  out 
to  ba  an  invariant  vactor  field  o f  £  • 

We  can  see  that  A  generates  solutions  of  tre  Cauchy 
problem  associated  with  21  •  Since  A  is  irdeoende  t  of 
xn  and  ,  it  can  ba  considarad  a  1-vector  field  on 

E51”*  .  Suppose  f8:En“’*  ->  Ea  is  the  initial  date  et 

xD  ■  0  .  Suppose  I  •  }  xB|-d<  xB<d}  and  f:En"1i(I  -► 

E*  is  an  integral  curve  of  A  through  f  ,  But  that  is 
merely  another  way  of  saying  that  f  is  a  solution  of  5”  , 

University  of  Washington 
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